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Abstract
A method of \blocking" triangulations that rests on the self-similarity fea-
ture of dynamically triangulated random manifolds is proposed. The method
is used to dene the renormalization group for random geometries. As an
illustration, the idea is applied to pure euclidean quantum gravity in two
dimensions. Generalisation to more complicated systems and to higher di-
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The statistical mechanics of discrete randommanifolds has become a pop-
ular subject of research. One of motivations for this research rests on the
observation that the partition function can be regarded as an approximant
for the Feynman path integral for (euclidean) quantum gravity. A partic-
ularly promising approach to quantum gravity consists in representing the
sum over all metrics of a manifold by the sum over equivalence classes of
triangulations, two triangulations being by denition equivalent when the
corresponding coordination matrices are identical. This so-called dynamical
triangulation method has been shown to be the correct way of discretizing a
class of models of 2d quantum gravity (possibly coupled to matter). It has
also been extended to d > 2 (for an excellent review of these developments
see, for example, ref. [1]).
Although the recent progress in this eld has been quite impressive, it ap-
pears that our ability to simulate complicated models on a computer exceeds
our ability to understand the real signicance of the underlying physics (ex-
cept for the above mentioned 2d models). Contrary to discrete eld theories
where the lattice is only an inert scaolding, in the case of discrete gravity it
is not evident how to x the physical scales and how to dene the continuum
limit. The answers to such questions are usually provided by the renormal-
ization group. One apparently needs to supplement the existing computer
artillery with the techniques of the real space renormalization group (RG).
In the present context this requires inventing some analogue of Kadano's
blocking [2] applied to the geometry itself. Some attempts have been made
in this direction but seem inconclusive [3]. In this work we expand ideas put
forward in ref. [4].
Conceptually, there are two elements in the familiar Kadano construc-
tion:
(a) dene larger geometrical cells with respect to the smaller ones.
(b) dene "block" spins on larger cells in terms of the spins living on the
smaller cells.
On a regular lattice (a) is trivial: the lattice obtained by removing, say,
every 2nd point in each direction is identical modulo rescaling to the original
lattice. A change of scale is automatically a self-similarity transformation.
On a random lattice (a) is a problem in itself and requires some thought.
Therefore, we focus on it here, leaving aside (b) which does not seem to
present any serious conceptual diculty.
In this paper we illustrate our ideas using the well understood case of
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pure 2d gravity. In a sense, we are going to solve in an inelegant manner a
model which has already been given a beautiful analytic solution. The point
is that the inelegant method can be generalized to cases where the elegant
method fails.
We observe that the essential ingredient of the Kadano construction is
a similarity transformation of the geometry, rather than mere decimation
of lattice points. Another essential remark is that a randomly triangulated
surface is a fractal. This has been emphasized by many people, in particular
by Jain and Mathur [5] in their paper on baby universes (BUs), which is par-
ticularly relevant to this work. Our idea consists in using this self-similarity
to dene the step (a). We introduce one additional piece of terminology
with respect to [5], namely: BUs with no further BUs growing on them are
called last generation BUs. The surface is a hierarchical object so cutting
last generation BUs one gets the same ensemble of surfaces modulo rescaling.
There is an immediate problem: cutting BUs with neck of length l one
creates a polygon which is not necessarily a triangle (it is a triangle when
l = 3, only). This is similar to the problem one encounters in Brezin-Zinn-
Justin renormalization group program [6] -[7], where starting from 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one
generates all interactions. Thus it would be natural, here also, to consider
surfaces made out of arbitrary polygons. Generically, such an ensemble of
surfaces is expected to belong to the same universality class as the ensemble of
triangulated surfaces, i.e. pure 2d gravity. However, although the extension
of the model to general cellular decompositions of surfaces does not present
any special diculty, the \BU surgery" becomes rapidly more dicult to
implement when the neck length l is larger than 3.
Fortunately, it seems completely sucient to limit one's attention to BUs
with minimum neck length l = 3, to be called minBUs following the termi-
nology introduced in ref. [5]. This is the choice made in this exploratory
paper.
In practice, one must distinguish BUs from a smooth deformation of the






. It turns out
that relevant results are insensitive to the choice of B
0
.
Dene  = 
c
  , where  is the cosmological constant and 
c
is its
critical value. Consider an appropriate derivative of the partition function








;   > 0 (1)
The condition   > 0 insures that the integral diverges when  ! 0. In
generic topology () is the so-called string susceptibility and   is the corre-
sponding critical exponent, conventionally denoted by . In spherical topol-
ogy, we take an extra derivative of Z(), so that   =  + 1. Neglecting
non-singular contribution to the right-hand side one has
()  
  
;   > 0 (2)
For pure 2d gravity and spherical topology the exact result holds,   = 1=2.
Let us rst guess the scaling of () under the RG. Cutting last genera-
tion minBUs must be followed by an appropriate change of the length scale.
Thus the RG transformation produces a mapping of the grand canonical en-
semble of surfaces into itself. Since the RG preserves the self-similarity of
the ensemble of surfaces, one expects








Here x is a critical exponent, which is expected to be non-trivial because the
operation of cutting minBUs is not a trivial rescaling of the area. Further-













x =  1=  (8)
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The positivity of   implies x < 0 and therefore ! 0 for  !1. A fully
edged fractal is obtained starting with a smooth surface and repeating the
operation of adding minBUs innitely many times. This corresponds to the
limit ! 0 : being fractal and critical is synonymous.
In the above heuristic discussion we have presented the basic ideas stripped
of technicalities. We shall now substantiate our claims using the result of a
computer experiment implementing these ideas.
We rst determine the area distribution of the ensemble of surfaces ob-
tained by cutting last generation minBUs growing out of a (randomly chosen)
surface with xed number of pointsA = A
0
, in a sense the \image" of a \point















[1 + :::] (9)




. For large enough
A
0
this is an evident consequence of self-similarity but it is not obvious
a priori that self-similarity is already meaningful for surfaces with a few
thousand triangles. The parameter 
2
turns out to increase linearly with A
0
.




Our experiment has been run with dynamically triangulated surfaces, the
number of triangles ranging from 1000 to 20000. For each value of A
0
we have
carried out a series of several dozens mini-experiments, each mini-experiment
corresponding to typically 5000 sweeps of the lattice. About 1000 heating
sweeps have been performed between two mini-experiments. The measure
of A has been done once every 10 sweeps. The errors have been estimated
using the standard binning method.
The exact numerical values of the parameters  and  depend on the
choice of the lower cut-o B
0
, dening an \acceptable" minBU. In most
of our calculations we have set B
0
= 10. The corresponding value of  is
0.8189(2). Decreasing (increasing) B
0
one gets, of course, smaller (larger)
. For example, with the choice B
0





is illustrated in Fig. 1. In Fig. 2 we compare our data




= 4000 to the Gaussian approximation,
corrected by the third and fourth order cumulants. Numerical values of these
third and fourth order cumulants for various A
0















Table 1: Scaled third (
3
) and fourth (
4
) order cumulants against A
0



















and can be calculated analytically for largeA, using the saddle-point method.











It is remarkable that the right-hand side does not depend, for small , on
the value of the constant c. Rescaling the area A! A one gets the scaling
law (7) anticipated earlier, since in the case we are working with x =  2.
The correction terms in (9) can be organized in a Gram-Charlier series [8].
Since scaled cumulants do not grow with A
0
, one easily checks that the term
proportional to the Hermite polynomial of order n contributes a correction
of maximal order 
(n 1)=2
to the right-hand side of (11). Therefore, the
corrections do not contribute to the singular part of the image (at least
treated term by term). Note that the study of the scaling under the RG of the
cosmological constant has been used to determine the susceptibility exponent.
Contrary to standard methods, the calculation can easily be extended to very
large lattices.
Generalization to d > 2 seems conceptually straightforward. In the sim-
plest model one has two independent couplings, the cosmological and the
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Newton constants, respectively. Thus, instead of the single , there are two
such parameters and two relevant scaling exponents. Taking derivatives of
the partition function with respect to these parameters one gets two families
of observables and their scaling laws. One can therefore x independently
two dimensionful constants (as it should be for gravity). The d = 4 case is
currently under study [9]
In conclusion, we propose how to use the fractal, hierarchical structure of
the Euclidean space-time foam to dene a real space renormalization group
for random geometries.
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Figure captions
Fig. 1 - We plot 
2
, the width-squared of the nearly gaussian image, against
A
0
the number of points in the source. The linear t is shown as a solid
line.
Fig. 2 - The image of a source with A
0
= 4000 points. The experimental
measurements are indicated as points and the Gaussian corrected by
the cumulants is drawn as a line.
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